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Abstract

There have been some concerns that telecommunication companies are facing today
which are spatial in nature. Systems operated by these telecommunication companies have
evolved along the years. The main concern of these companies is the ability to provide quality
service to customers or users in a dense regime. Therefore, they sought to answer questions
such as (i) what is the best possible configurations of base stations and users that maximizes
quality service? (ii) can one estimate and control the probability of bad service, which may
be seen as a rare event? and many more which may arise during companies operations. To
answer these questions one will often have to estimate the tail distribution of events, which
may be considered under the realm of large deviations. In this article, we define the empirical
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marked measure of the Boolean model, which will serve estimate the intensity measure of the
Marked Poisson Point Process of devices or users, and the empirical connectivity measure of
the Boolean Model which will serve estimate the coverage probability density of the spatial
telecommunication area. For these empirical measures, we establish large deviation principle
(LDP) in the T — topology.

Subject Classification: 60F10, 05C80, 68Q87.

Keywords: Large deviations, Empirical measures, Relative entropy, Boolean model, Marked poisson
point processes, Coverage probability, Poisson rate.

1. Introduction

The number of subscribers of Telecommunication networks have
witnessed a major growth in the last twenty years due to the easy
accessibility provided by continuous improvements in telecommunication
devices. The growth in number of subscribers mostly create artificial
disturbances in the telecommunication system, which may attributed to
bad connection of devices and/or bad service. The topology of
telecommunication systems give mathematicians a very rich structure for
research or further study. The mathematics of telecommunication
networks has been become popular among significant number of
researchers. Researchers have noted that the spatial arrangement of
devices in the telecommunication area is key aspect of the network. See,
Baccelli and Blaszczyszyn [1],[2]. Stochastic geometry is the main tool
developed and used by researchers interested in mathematical modelling
of telecommunication systems. See [1], [2], [7].

The main concern of these researchers are the issues of connectivity
coverage area and connectivity in the modelling of telecommunication
networks. The topic of coverage area involves knowing how far the signal
originating from communication devices can spread across the interaction
area and connectivity which solves the problem of how far a message can
travel in a given messaging area. Therefore, manipulation of the
connectivity and the coverage area of a telecommunication system to
achieve a desire results may be seen as problem of reversing a deteriorating
services quality. The manipulations usually involve control and/or
estimation of the probability of occurrence by telecommunication
engineers. See Hirsch et al. [8], and the mathematics used to accomplish
such called large deviations.

The Large deviations theory has been used to find asymptotic
equipartition properties for hierarchical modelled as multitype Galton-
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Watson tress and networked structures modelled as coloured random
graphs. See, Doku-Amponsah [5]. The main technique is to code the
properties of the graphs (including tress) in suitably defined empirical
distributions. Then using the method of exponential change of measure,
the method of types and the method of mixtures the (joint) large deviation
principle of the empirical measures was established.

A large deviation principle for the empirical measure of connectable
receivers in a wireless network modelled as the SINR graph was proved by
[8]. The main tool used in the article is the contraction principle and
Dawson-Gértner technique. See, Dembo and Zeitouni [6, Theorem 4.6.1].

Umar etal. in [13] had established a joint LDP of the empirical spin
measure and the empirical bond measure of the uniformly random
d-regular graph. The authors of this article gave spin values to the nodes
of the graph via the Potts model and by the method of types the authors
derived the rate function of the joint LDP. See, [13]. In Sakyi-Yeboah et
al.[11] the authors proved large deviations results of the super-critical
telecommunication networks modelled as a Signal-to-Interference-Noise-
Ratio (SINR) network. In this article, we derived the joint large deviation
principle for the empirical marked distribution and empirical pair
distribution in a telecommunication network modelled via the Boolean
random network.

The remaining aspect of this paper are organized as follows: In
Section 2 we present the boolean random network (BRN) and the methods
used to prove the LDPs of the proposed empirical distributions of the
BRN. In Section 1 we compute the connectivity probability between two
users, and impose some important assumptions for convergence of this
probability. We present in Section 2 the main results of the paper. In
Section 3 we present the LDP for the empirical marked measure and the
proof. Our Section 4 presents conditional LDP for the empirical pair
measure given empirical mark measure. Finally, our Section 4 gives the
conclusions of the study.

2. Statement of main results
2.1 Boolean Modelling of Telecommunication Systems

Let deN be fix number called the dimension and T'c R be a set
which is measurable taken against B(R), the borel-sigma field. By Leb :
R? — [0,0] we denote the lebesgue measure and by v, :T" — [0,1], while
v,(I)=1 a Poisson rate (rate). For this v, :T" - [0,1] and P,:T — R,
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serving as coverage probability measure, the boolean network may be
defined as follows:

e Pick a Poisson Point Process (PPP), Y =(Y;),, according to an
intensity measure v, denoting the structure of devices or users in
I' cR?, the device interaction space.

e For Y, pick assign each Y, a random coverage area D, =D,
independently agreeing with P, the law of the volume of the balls
contained in T.

* Given any two points [(Y,D,), (Y;,D;)] we connect an edge iff
D,nD, = &.

We consider Y(Y,P,)={[(Y,,D,), ie(],E} with respect to the
combined law of the marked process, see [12], and the random network.
We shall call Y,:=(Y,,D,) the interaction area of user i and Y a boolean
random network(BRN). We assume that there is a sequence b, e R, and
P, v some functions with the property that Ab, >1 or Ab, -0 or
Ab, — o implies

b,P,(t|x)v,(x—y)P,(t|y) — P(t| x)v(x —y)P(t| y).

We shall limit this study to the case where Ab, — 1. Thus, our main
focus in this article is the study of the LD analysis of the behaviour of the
critical Bolean random networkd. Now, write D := {D(y,h) c I': heR,
yel'l} and Y:=u,_,{a}. Denote by N(¥xD) the set of all
measures(positive) on Y xD endowed with the 7 - topology. Hereafter,
we shall call Y locally finite subset of the set I'. For each BRN Y we
associate a probability distribution, the empirical mark measure,

L e N(YxD), by
L (ly,al) =3 33, (v,4)

and a finite measure (Symmetric), the empirical connectivity distribution
L,e N(YxDxYxD), by
1
L(x,b,y,b,):= 7<f,jz)eE[6(yf"’f) +5(yf’\,i)](x,bl,y,b2).
We observe that the empirical marked measure is a probability
distribution and the absolute value of the empirical connectivity

distribution is 2|E|/A*. Moreover, |L || is the number of users
communicating with device i. Let each ball be very small and contain a
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finite number of devices. Further, we assume that the location of a user
does not intersect the location of other users.

Proposition 2.1: (Connectivity Distribution). Suppose Y is an BRN with
rate v, :I' > R, and P, is the probability distribution of the volume of
the balls centered on the points of the Y. Then the probability that two
users at positions ¥, =y and Y, =z, j#i are connected is given by

4,(,b,,2,b)=[1-

AR SIACALACS

1, (y,by,z,bz)enyxny,

where, b,=D(y,r,), b, =D(z,r), and 1,7, €(0,%) by b, ={x,—x,:x € by,
x,€b_}.

Proof: Suppose Y, =x and Y, =y are the positions of two devices in an

interaction space I'. Note that any two devices will communicate when
their coverage spaces overlap each other. Then we have,

ql(Yi,Di,Yj,D].)=IP’(D(Y,,,1;.)mD(Yj,r],)¢@)
=1—IP(D(YI,,rZ,)mD(Yj,r],)=®) (2.1
1 B
Now, we observe that
Elv, (D, D)1= EIELv, (D, - D,)| D,]]
= B[ [l v, b, —D.)Pl(dbz)]
=[1, b)j]lD(b) (b, =b,)P,(db,)P, (db,) (2.2)
—jjllD/‘(b1 b,V (b, —b,)P, (db,)P, (db,)
=P,(D,)v,(D,~D,)P,(D,)

Hence , probability of two devices been connected is given by,

q,(Y,D,Y,D)=1-¢

P,(D,)v, (D,-D)) Pl(D)

We hereafter assume that as A — o,

A’P,—>P and A°v, >v.

We note that v,P,P, =PvP/A, and therefore, using the Taylor

ATATA
expansion around the origin 0 we have the expression;

ql(‘Yi/D,-/leDj)=1_[1_PA(D1)V1(D,‘ _D]')P/I(Dj)+o()’72)]
=v,(D,~D,)P,(D,)P,(D,)+O(A?).
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Now, we multiple through by 4, and we take limit as 4 > to
obtain

Aq,(Y,,D,,Y,,D,) = P(D,V(D,~D)P(D,):=¥(D,, D)),
which proves the proposition.

Proposition 2.2: Suppose G,,G,, -,G, is a decomposition of ) xD. Then,
for n< A, the probability Law of the random distribution L, satisfies the
inequality:

n -V, ®P,(G,)-¢ _e\A0(G))
zlog[e (V2P (Gi)-e) } <log P(L' =)
i=1

(Ao (G))!
" v, ®P, (G, )+e Ao(G;)

<% e 22T (v, @P) (Gy)+eE) ! :14_ , 2.3
2 Og[ (A0G)) ™ 23

where, limgim[nn(,l,Gl,---,Gn))//l]=0 and v, ®P,(x,b)=Vv,(x)P,(b ) is

the product distribution.

2.2 Results

Theorem 2.3: Suppose Y isa BRN withrate v, : T <R’ — R_and P, is the
coverage law of Y. Let the rate v, : T - R satisfy A°v, — v and P,:D —
(0,1) satisfy AP, — P. Then,as A —> oo, the pair (L,,L,) obeys an LDP in the
space N(¥xD) x N(¥Y x D x Y x D) on the scale A and rate function

I(o,u)= H<6IIV®P)+%[H(u||wo®o)+||wo®a||—||u|u if [|ull<eo, (2.4)
o, otherwise.

Corollary 2.3: Suppose Y is a BRN with Poisson rate v, :-T' >R, and P,
is the coverage law of Y. Let the rate be v, (dx) = A’dx and P,(db)) = %n’rf
/ A*Vol(D) be the coverage law. Then, as A -, (L,L,) obeys an LDP
in the space N (YxD) x N(Y x D x Y x D) on the scale A and convex
rate function

I(o, )= {H(anv®P)+ilH(u||wo®o)+||wc®a||—|m|1 if <o, (2.5)

©, otherwise.
where

16 2.3 3 VOI(IZ —a )
Y, ,a)=—"urr|—|,
( X _1/) 9 ‘Ll Xy [ Vol(l")z :l

and Vol(D) is the volume of the space D
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Therefore, from the corollary, one can infer that the average number
of connectivity per users converge is given by

|E|l/A ﬁ Inenlpeoty T, Vol(b, —b, )P(dbx)P(dby)dxdy in probability
3. LDP for L,

Using the method of types we proof an LDP for L, =6 as A - in
this Section. To begin we state the LDP for L, = o, below

Lemma 3.1: Suppose Y is a BRN with rate v,:T < R >R_ and P, is
the coverage probability distribution of Y. Let the rate v, : T — R
-3

. . satisfy
A%v, > v and P :D — (0,1) satisfy A’P, — P. Then
~AH(aM|VM@PM) 1y, (1) SIE”(Ll :o_)Se—lH(o(’”Ilv(”)@P(”) +7,(2) (3)
limy, (1) =0,

) .1
lgg}/ﬂl):lggzyn(l G,,....G),

while 6™ and v ® P" are the coarsening projections of ¢ and v®Q
on the decomposition (G,,...,G,).

The proof for Lemma 3.1 is based the Stirling’s formula below

Proof: Choose A large enough and observe that the upper bound of the
Equation (2.3) is given by

logP(L, = 0) < i{—/lv ® P(G,)+ A6 (G,)log[Av ® P(G,)]

—log[A0(G)]} +0,(4,G
Using the the Stirling’s formula, we have
logP(L, =0) < )

;{ Av®P(G,)- log[(Zy) (A6(G )) G)%e—/lo(ci)]}
i

<1240(G )+1 ( +/1(7( Nog[Av®Q(A)]1+7,(4,G,....,G,)
Jj=

,G,)
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logP(L,=0) <

-
I
_

—/lV@P(Gj)—%log(Z,u)—[AG(Gj)+%}log[lo(Gi)]+AG(G],)}

+ { - M(lcl_)+ o+ /IG(Gj)log[/lv®P(Gj)]}+ 7,(4,G,....,G,)

-

logP(L, =0) < ] —l[v@P(G/) o(G )] lG(G )log ®P —log[la( )]}

I
—

+ {WlGl)l —log(27r)}+y( /G, ,GH)
§

L ) 5(G)
logP(L,=0) < £|-Alv®P(G)-0(G)]-20(Glog ] ®P(GI_)}
B log[o(G))] 1 log27) = 7,(A,Gy....G,)
j_zll{ 24 12/120(Gj)+1 T T A

Choose 7,(A) as follows:

,}/2(/’1’) 10g[/16( )] 1 + log(zn) yn(l/Gl"”/Gn) .

+
122%6(G; )+ 21 A
We have,
. log[A0(G;)] 1 log2n) = v,(A,G;.....G,)
limy,(A) =1 LA + 08T | VulAio1on
Aaw’yz( ) 1}2} 21 122%6(G;)+A 21 A

=1im+7,(,G,.....G,),

which proves the upper bound.
Further, Let A be large, we use equation (2.3) to obtain

logP(L, =0)> 3{-~Av® P(G,) + A0(G,)log[Av ® P(G,)] - log[ A0 (G )II.
i=1
Using equation (3.1), we get,
log P(L, =0)> 2(-Av @ P(G))~ log[(27): (AG(G,))'" @3¢ #(@)])
+lZl { 1240(G;)
log P(L, =0)= 2. {—iv ® P(G,)— 5 log(27) - [Ao(ci )+ ﬂlog[/w(Gi )+ /IG(G],)}

+lzl{1z/1 oG

1ogP(L1:a)z;{— [v®P(G,)-0(G )l 40(G,)log . "<G —log[),o(G )]}

1 1
T { 20(G) EIOg(Z”)}

+26(G,)log[Av® P(G )]}

+26(G,)log[Av® P(G, )]}
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logP(L, =0)> 3. {—/l[v ®P(G,)-0(G)]- A0 (G,)log -

Gi)
v®P(G;)
<y JloglAo(Gy)] 1 log(2r)
i-zl/l{ 21 12/120'(6,-)+ 21 }

Choose y,(4) as follows:

_ log[Ac(G))] 1 log(2m)
n="= 12226(G;) M)
We have,
. 1 log[A0(G;)] 1 log(2m) | _
111_r>rw1 7,(A)= %11_{{.}[ 21 122%6(G;) T } =0

which proves the lower bound.

Lemma 3.2: Let Y be a BRN with rate v, :T — [0,) satisfying A°v, >v
and a probability of coverage P,:D — (0,1) that satisfies AP, — P. Then,
lim, P(|/|<21)=1

Proof: Suppose G,,G,, -, G, is a disjoint decomposition of R’ such
that o>w, >[YNG,|, where w (G,) := w, and note f=max(w,, w,,
w,, .., w,). and ||¢, ||<B, for all k=1, 2, ..., n. Take [/|=3;,|¢,.1,
where ¢, =Y NG, and observe that |/ |,..,|/ | are independent and
poisson random variables with parameter v(¥NG,), k=1, 2,3, .., m,
respectively. Therefore, we apple the Bennett’s inequality to the random
variables || ¢, |, ..., || £, ||, to obtain

P(C|-E|¢]> 1< ™ (3.2)
while y(a)=(1+a)log(1+a)—a. Using (3.2) yields
P <E[f|+A)21-¢ ="
which concludes the proof of Lemma (3.2).

The proof of the Theorem 3.3 below follows from the stirling formula.
See [9].

Lemma 3.3: Suppose Y is a BRN with rate v,:T" — [0,00) satisfying

A7v, > v and a coverage probability P, :D — (0,1) that satisfies AP, — P.

Then,as A — o, L, satisfies a large deviation principle with rate function:
I(6)= {H(cllv@P), if ol =1, (3.3)
. .

0, otherwise.
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Proof: Write N, (Y xD):={c e N(YxD):Ac(b)eN for all be )} and
o =max(|XxG,|,|[VxG,],...,|YVxG |).

Observe that, by construction, we have |VxG,|<x, for all
i=1,2,...,n. Use Lemma (3.2) and Lemma (3.1) to establish that:

_Ainf (m)),,(n) (1) " "
(1_;’_2)“)7”/3/;6 Am(csc”m.w'(ny))H(o- Iv*®P +¢1<2') < e,lH(o-( )Hv®p( ))“pz(/l)
0eG’ NN (YxD)
<P(L, €G)
< e—lH(o‘“"Hv@P("))+¢2(/1)

oecl(G)NN (YxD)
<(1+22)"P e M0,

where
T= inf H(@"|v" ®P™),
oecl(G)NN (YxD)
o and v ® P are the coarsening projections of ¢ and v®Q on

the decomposition (G,,...,G,).
Therefore, we have

liminfl~ inf H(o" [[v®P")]<lim; log P(L, €G)

A—>® GeG'AN, (V)

<limsup[- inf H(c"™ |[v®P™)].

Ao OC(G)AN, (V)

Observe that cI(G)N N, (¥ x D) c cl(G) forevery A eR, and therefore
we have

limsup[—- inf H(c"™ [|[v®P")]< - ir}(fGNH(G(”) v @ P™).

Ao {oec(G)NN, (YxD)}

We apply similar arguments as in [6, page 17], to obtain
liminf[- inf H(c"™ |lv®P™)]=-inf Hlc" ||v"” @ P™).
oeG?

Ao 6eG°NM, (YxD)
Therefore, we have

—inf H(c™ ||[v\" ® P™) < liim%log B(L, e F)<~ inf H(o" ||V @ P").
oeF’ —>0 oecl

Now, when we take n — o, we obtain

—infH(c||[v®P) < aim%logP(Ll €G)<- inf H(o||lv®P),
oeG’ —®% oec

which ends the proof.
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4. LDP for L, given L,.

The main method used in this section is the Gartner-Ellis Theorem.
Let o, be a sequence of empirical distributions converging to o.

Lemma 4.1: Suppose Y isa BRN withrate v, :T' — [0,0) that satisfy A7°v,
— v and a coverage law P,:D — (0,1) that satisfy A’P, — P. Assume the
connection law q,(y, a, x, a,) of two devices with their position in Y satisfy
Aq,(Y,a,,X,a,) > Vv(a, —a,)P(a,)P(a,). Then L, conditional on the event
{L, =0,} satisfies an LDP with rate function given as,

1 ; —
IU(“)={2[H(MII‘PG®6)+II‘I’G®GII—IIuII], ifllull<om=0 o

0, otherwise.

Observe from the definition of these two distributions in Section 2,
that AL,(y, a,, X, b ) conditional on L (X,b,)= 0,(X,b,) follows a
binomial distribution with parameters, /120'1()(, b,)o,(Y,a,) /2 and
q,(Y,a,,X,a,).

Lemma 4.2: Suppose Y is a BRN with rate v, :T — [0,) satisfying A7°v,
— v and a coverage law P, : D — [0,1] that satisfies AP, — P. Assume the
linking probability q,(Y, a,, X, a,) of two devices with their location in Y is such
that Aq,(X, ay, Y, a,) - v(a, —a,) P(a,) P(a,). Let L, be conditional on
the event {L, = o ,}. Then, for any bounded functional, h:) x D x Y x D —
R:

lim ; log ®, (1) = ®(h), (4.2)
@(h)= _%I(X,ax )E(yXD)-[(Y,ﬂy)E(yXD)(l et ,Y’EY))\{I(QX sy )o-l (X, dax )0_1 @y, dﬂy )-

Proof: Let @, (h) be the m.g.f of L, conditional on L, Then by definition,
we have:

@, (h)=E[""" |L, =0,]

_ E[e/lj[h()(,ax/Y,aY)LZ(dX,daX,dY,qu) |L1 _ 0-/1]'

Choose G,,...,G, a decomposition of () x D)* into subset of locally
finite sets and define @, by

n
q)l(h) = ]E{H Il e/lh(X,ux/Y,uY)LZ(dX,daX,dY,day) |L1 =0, |-

=L (X Yy )€G,
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Asthe G,,...,G,, are disjoint of each other, we have:

@, (h)= ﬁ m E|:elh(X,aX,Y,aY)Lz(dX/daX,dY,dﬂy) |L = GJ'
j=1 (X,ux,Y,uY)er 1
We note that the probability law of L, given L =0, is a binomial
distribtion. Thus, we have

L |L =0 Nan( c,®0 ,qu

We write

h(y.ay.zb, )] o'l(dX day)o, (dY ,day)

o MW=11 N MN-q9,Wa,zb)+q,(X,a.Y,a,e

j=1 (X,aX,Y,ay)eG/

and observe that we have
o'A(dX day)o, (dY,day)

log®, (=27 T, v, logll-4,(X,a,,Y,a,)+q,(X,a.,Y,a )e’““x”v)]2

2
=z | (Xoag Y.)eG, %ol(dX,duX )o,(dY,da,)log[l-q,(X,a,,Y,a,)+q,(X,a,,Y,a,)e" "]

% 2 I(x ay Y ,1,)€G, log[1-q,(X,a,,Y,a,)1- et Ao, (dX, day)o, (dY,da,).
Using the Taylor expansion of log(l1—x)=-x— Lzz - L; —--, we get,

% gj(x,ax Yoay)eG, |:_q/1 (X,ay,Y,a,)(1- eSO )+ O[%H /”LZG/l (dX,day)o,(dY,da,)

if we divide through by 4, we obtain

Llogd, ()= _le . [_ Aq,(X,a,a )(1 -0y O(%ﬂcl(d}(,dux)cl (dY,da,)/ 2

If we allow A — 0, and o, >0, we obtain:
lim - 1ogc1> (h)——fzj(x v aec(1=€" W (X 0y, Y a,)0, (X, day )0, (Y da,)

= j(rxp)z(l — "X (g a Yo, (dX,day)o, (dY,da,)

1 h(X,ay,Y ay
) J(y aY)e(ny).[(X,aX )e(ny)(l —e o) HJ (ax /Ay )0-/1 (dX/ dax )6/1 (dY' day )

__1 W(X,ay,Y,a)
5o lxapepao(l-€ " Wo, ®0, (dX, day,dY,da,)

This completes the proof of the Lemma (4.2). The function @ is
differentiable and hence, we use the Gartner-Ellis theorem, to conclude
that Lg conditional on {L, =0,} satisfies an LDP on the scale A. We shall
give the the variational formulation of the rate function as follows:
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I,(0)= ;supl(g,0) - ®(g)} (4.3)
8
The solution to the rate function is given in terms of entropy as:

(4.4)

I ()= %[H(#II‘PG®0)+II‘I’G®GII—IIM||] if |ull<o,u, =0
’ 0, otherwise

where,

H(G||V)=2610g%.

We observe that rate function is convex as its variational formation,
see Equation (4.3), is a the Legendre transform.

5. Joint LDP for the two empirical distributions.

We shall use the method of mixtures would in this Section. We rely on
same arguments as the one found in [10] and [11] to proof our main results.
To begin we let A €(0,), and we write

N,(YxD):={ve N(¥YxD): Av(x,a_)eN, forall (x,a,)eYxD},

N, (¥xDxYxD):= {GeN(nyxny):),G(x,bx,y,ay)eN,
for all (x,bx,y,ay)enyxny}.

Denote by ©,:=N,(Y) and ©:=N()). Define the following
probability distribution:

Q(0,)=P(L,=0,|L =0,)

and

Q%(c,)=P(L, =0)),

We shall observe that the joint Law of L, and L, is a mixture of Qg’l)
and Q"”(0,) := P(L, =0,) and given by

dP*(c,,0,):= Q" (c,)dQ"(a,).

Biggins [3] gives the condition under which LDPs for mixtures exists
and how to check the goodness of the rate function of the rate function
given that the individual LDPs exists. In the Lemmas we check the validity
of the LDPs for L ,L, (mixed together) and the goodness of the rate
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function for the joint LDP for (L,,L,). Observe that the sequence of
probability distributions (P*:1 € (0,0)) is exponentially tight onthe
space ©. Denote by | E| be the cardinality of the edge set E

Lemma 5.1: The sequernce of probability distributions (P: A e R ) is exponentially
tight onthe space @ x N (Y xDx Y x D).

Proof: Let t:=1—(1-¢')e™”, >0 and use the Chebyshev’s inequality and
Lemma (4.2),to obtain, for sufficiently large 4,

P(|E| < A%) < e *'E(exp(|E|))
j=0k=0\k i
< e Hlehet?,
Let ueN, choose gq<u. We note that for sufficiently large A1, we
have that

P(E|<Au)<e ™.

Hence,

P[|E|<A%s/2]<e™?,
and this concludes the proof of Lemma (5.1).
Lemma 5.2: [_ is a lower semi-continuous function.

Proof: Note that I is a function of relative entropy, a lower semi-
continuous function, plus a linear function. Therefore I is lower semi-
continuous function.

We use [3, Theorem 5(b)], Lemma 5.1, Lemma 5.2 and the two LDPs
Lemma 3.3 and Lemma 4.1 to establish Theorem 2.3. These results gurantee
that under (P*) the random variables (L,,L,) obeys an LDP on the space
N,(YxD)x N,(¥ x Dx Y x D) with good rate function I which
concludes the proof of Theorem 2.3.

6. Conclusion

In this article we have determined a joint large deviation principle for
the empirical pairdistribution and the empirical markeddistribution in a
telecommunication system modelled as the Boolean random network. The
large deviation principles developed in this article could form the bases of



LARGE DEVIATIONS FOR SPATIAL TELECOMMUNICATION SYSTEMS 1399

solving an optimization problem that involves the Gibbs distribution on a
spatial telecommunication system modelled as the Boolean random
network.
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